Zusammenfassung Ein Verfahren zum Bestimmen der zeitoptimalen Fluid Temperaturänderungen während der Aufheizung des dickwandigen Zylinders wurde dargestellt. Optimale Fluidtemperatur -Änderungen wurden für den zylindrischen Druckbehälter ohne Löcher bestimmt. Das Erhitzen des Hohlzylinders erfolgt in der Weise, dass die thermische Umfangsspannung an der inneren Oberfläche gleich dem zulässigen Wert ist. Optimale Fluidtemperatur -Änderungen wurden in der Form von einfachen Zeitfunktionen mit unbekannten Parametern angenommen. Die unbekannten Parameter wurden aus der Bedingung, daß die thermische Umfangsspannung an der inneren Zylinderoberfläche bei gegebenen Zeitpunkten gleich der zulässigen Spannung ist. Ein überbestimmtes System von nichtlinearen algebraischen Gleichungen wurde für unbekannte Parameter mit Hilfe der Methode der kleinsten Quadrate gelöst. Zuerst wurde die thermische Spannung anhand der diskreten Form des Duhamelschen Integrals berechnet. In dem zweiten Verfahren wurde die Finite-Elemente-Methode (FEM) verwendet, um die tangentiale thermische Spannung zu bestimmen. Aus praktischen Gründen ist der rampenförmige optimale Temperaturverlauf bevorzugt. Es ist möglich zu Beginn des Aufheizvorgangs die Fluidtemperatur stufenweise zu erhöhen und dann die Temperatur der Flüssigkeit mit der konstanten Geschwindigkeit zu erheben. Aufgrund der Möglichkeit der praktischen Umsetzung ist eine rampenförmige Funktion zur Annäherung der optimalen Fluid -Temperaturänderungen sehr geeignet. Abstract A method for determining time-optimum fluid temperature changes during heating of the thick walled cylinder was presented. Optimum fluid temperature changes were determined both for the cylindrical pressure vessels without holes. Heating of the hollow cylinder will be carried out in such a way that the circumferential thermal stress at the inner surface is equal to the allowable stress value. Optimum fluid temperature changes were assumed in the form of simple time functions containing unknown parameters. The unknown parameters were determined from the condition that the circumferential thermal stress at the inner surface of the hollow cylinder without holes is equal to the allowable stress at given time points. An over-determined system of nonlinear algebraic equations was solved for unknown parameters using the least squares method. At first, the thermal stress was calculated using the discrete form of the Duhamel integral. The Finite Element Method (FEM) was used to determine the circumferential thermal stress in the second method. For practical reasons the optimum temperature in the ramp form is preferred. It is possible to increase the fluid temperature stepwise at the beginning of the heating process and then increase the fluid temperature σ a Allowable stress, MPa σ e Equivalent stress, MPa s p, r , s p, φ , s p, z Radial, circumferential and axial component of the stress due to pressure, MPa s T, r , s T, φ , s T, z
where more frequent and shorter start-ups and shut-downs are necessary in order to realize the short-term power requests from the electrical load dispatcher [4] . Fast start-up and shutdown of the power units are desired to reduce fuel oil consumption during start-up and to decrease emissions of pollutants into the atmosphere.
The major limiting factor relevant to fast power plant start-ups is maximum allowable thermal stress for thickwalled components such as headers of superheaters and reheaters, boiler drums and steam turbine rotors. Any exceeding of the stress limit reduces lifetime of these components. The new control system proposed by Krüger et al. [4] aims at improving of the start-up procedures of boilers and explicitly takes the thermal stress values of critical components into account.
Taking into account the increasing share of wind farms in the production of electricity, combined-cycle gas and steam power plants must be quickly activated to supply the missing electrical energy into the power system when the wind velocity drops. The heat recovery steam generator (HRSG) is a critical element limiting fast start-up of the gas and steam power units. During the start-up period, HRSG components, especially the drum, are subject to high thermal stresses, which are caused by the non-uniform temperature distribution over the component wall thickness.
To avoid excessive thermal stresses in the boiler drum, the flue gas exiting a gas turbine flows directly to the chimney bypassing the HRSG [6] . It makes possible to deliver electricity to the grid at the expense of low efficiency of the gas and steam unit. The gas bypass is open during the initial stage of the start-up. Estimation of the maximum thermal stress enables the optimization of the bypass mode [6] . In both papers drum is considered as a thick-walled cylinder in which the temperature distribution is a function of radius and time [4] [5] .
Allowable heating rates of thick-walled boiler pressure components are calculated in engineering practice using European Standard [7] which is based on the quasi-steady state temperature distribution inside the pressure element. Quasi steady state temperature distribution is formed in the thick-walled element after heating it at a constant rate for a long time [8] .
Haneke and Speitkamp [9] determined approximate optimum fluid temperature changes and the optimum thickness of the thick-walled pressure vessels. They considered thick-walled pressure elements with openings. The optimum changes of the fluid temperature was approximated by a piecewise linear function.
A method of determining the optimum time changes of fluid temperature during heating process of boiler structural pressure elements was proposed in [10] . The optimization procedure is based on the discrete form of the Duhamel's integral.
List of symbols 1 Introduction
Optimization of heating and cooling of thick boiler components is the subject of many studies [1] [2] [3] [4] [5] [6] , since too rapid heating or cooling element causes high thermal stresses.
There is a great need for reducing start-up and shut-down costs in thermal power plants. The 
Equations (1) (2) (3) (4) (5) (6) (7) (8) were derived assuming the elastic state of stress and constant physical properties which are independent of the position and temperature. The cylinder wall temperature varies only in the radial direction while in the axial and circumferential directions remains constant.
For the flow of steam, hot water or other fluids changes of temperature in the axial direction are small compared to the radial direction. Non-uniformity of the temperature on the perimeter of the cylindrical vessel occurs only for steam condensation or stratified flow in the horizontal vessels.
The equivalent stress at the inner surface of the cylinder is calculated according to the Maxwell-Huber-Hencky-von Mises theory as follows (9) Substituting Equations: (1), (6), (2) , and (7) for r = r in into (9) gives (10)
If fluid temperature f(t) is time dependent, the temperature T(r in , t) and the circumferential stress s T,φ (r in , t) at the cylinder inner surface will be calculated using the Duhamel integral [16, 17] 
where f(t) = T f (t) − T 0 designates time dependent fluid excess temperature. The initial temperature T 0 , is assumed to be uniform. Equations (11) and (12) are based on the superposition principle, which in turn can be used for solving linear problems. This means that the material properties must be independent of temperature. 
Another method for optimum heating of thick walled pressure components was presented in [11, 12] . Allowing stepwise fluid temperature increase at the beginning of heating, the allowable heating rates were calculated according to the EN 12952-3 European Standard: v T1 for the initial pressure p 1 and v T2 for the final pressure p 2 .
Optimum heating of the thick walled plate is the subject of the paper by Taler [13] . A linear inverse heat conduction problem was solved using various methods when linear time temperature variation is prescribed at the insulated rear surface of the plate. Physical properties of plate material were assumed to be constant.
The paper presents a new method of determining the optimum fluid temperature changes during heating of thick walled hollow cylinders. Optimum temperature curve for a hollow cylinder without holes will be determined from the condition that the von Mises equivalent stress at the cylinder inner surface is equal to the permissible stress.
Optimum heating of cylindrical vessel
Optimum heating of a long hollow cylinder with free ends will be analyzed. Three thermal stress components, radial s T, r , circumferential s T, φ , and axial s T, z are given by [14, 15] (1)
where the mean temperatures T r, m (r, t) and T m (t) are given by
The stress components in a thick walled cylinder under internal pressure loading are [14, 18] 
for the following boundary and initial conditions
The function u T (r in , t) is a solution of the initial boundary problem at the surface r = r in , for a unit step function, f(t) = 1, t > 0. This function is also called an influence function. The function u S (r in , t) represents time changes of the circumferential thermal stress component at the inner surface r = r in caused by the unit stepwise increase in the fluid temperature for t > 0.
Time changes in the fluid temperature are approximated by a stepwise function ( Fig. 1 
Coordinates of the points in time q i are given by (14) where q 0 = 0.
If time steps Dq i are constant and equal ∆θ = t M M / then (15) Using the method of rectangles, the integral in the formula (1) for temperature at time t M gives
where θ θ
. The symbol T(r in , t M ) designates the wall temperature excess above the initial temperature T 0 which is constant through the thickness of the cylinder wall. Circumferential stresses s T,φ (r in , t M ) are calculated in the same way as the temperature T(r in , t M ). To determine the influence function u S (r in , t M ) for circumferential thermal stresses, the influence function u T (r in , t M ) for the wall temperature, must be found at first. If we assume that the cylinder outer surface is thermally insulated (Fig. 2) , then the influence function u T (r, t) is given by: If the ends of the hollow cylinder are free, axial and circumferential stresses at the inner as well as at the outer surface are equal. The previous optimization studies show [10, 11] that the optimum fluid temperature changes T f (t) obtained from the solution of the Volterra integral equation of the first kind, can be well approximated
At first, the optimum fluid temperature changes are approximated by the ramp function T f (t) ( 
where J 0 and J 1 are the zero and first order Bessel functions of the first kind, Y 0 and Y 1 are the zero and first order Bessel functions of the second kind. The first ten roots of the characteristic equations (24) and (25) for selected values of the ratio k 0 are shown in Tables 1 and 2 respectively. The roots listed in Tables 1 and 2 were obtained by solving transcendental equations by the Müller root-finding algorithm [20, 21] . The circumferential stress in the hollow cylinder with free ends due to unit stepwise increase in fluid temperature is given by Fig. 4 . The compatibility of the results is very good. Small differences between the results may be observed at the beginning of heating. This difference is mainly due to insufficient accuracy of the analytical solution (28) for small values of the time, in spite of the 12 terms in the series.
In order to assess the accuracy of the method, first the circumferential stress on the inner surface of the water separator was calculated using the FEM. The fluid temperature T f is given by the following formula 
(33)
Optimum fluid temperature changes during heating of the hollow cylinder will be calculated for p = p o and p > p o . The solution steps are depicted in the flow chart ( Fig. 3) .
When considering a vessel with holes, the method proposed in the paper may also be used for determining the optimum temperature of the fluid. In that case, the sum of squared differences of the calculated circumferential stress: s φ = s T,φ + s p and allowable stress s a for the selected n t time points at the point P of the maximum stress concentration on the hole edge should be minimum (34)
Fluid excess temperature f (q) = T f − T 0 in the sum (34) can be assumed a function (29) or (30).
Test calculations
To illustrate the effectiveness of the proposed method test calculations have been carried out for a water separator of the supercritical boiler and for a drum installed in the boiler with natural circulation.
The following data were adopted for the water separator: r in = 0.255 m, where the circumferential stress is given by the Duhamel integral (12) . The method of rectangles was used to solve sequentially (37) [11] . The allowable stress s a = − 253.3 MPa was determined using the European Standard EN 12952-3 assuming 2000 start-ups of the boiler from the cold state. The comparison of the results ilustrates Fig. 6 . Larger differences between the optimum temperature runs occur only at the beginning of the heating process.
Next, optimum fluid temperature changes were estimated for a thick walled boiler drum. The dimensions of the coincides with the temperature (35) adopted for the solution of the direct problem (Fig. 5 ). In the next test calculation the optimum fluid temperature was determined from the condition (32) approximating fluid temperature changes by the function (29) or (30). In addition, the optimum fluid temperature was determined from the solution of the integral equation circumferential stress at the inner surface was calculated using discrete form of the Duhamel integral. The unknown parameters a, b, and c in function (29) or parameters a and b in function (30) were determined by the least squares method applying the Levenberg-Marquardt method. In the second approach thermal stresses were computed using the Ansys software [22] without introducing the influence function. Thermal stresses at the cylinder inner surface were calculated for given time points using the FEM method at every iteration step of the Levenberg-Marqardt algorithm.
The optimum fluid temperature changes are shown in Figs. 8 and 9 . In adition, the optimum parameter values appearing in the functions (29) and (30) are given in Table 4 . The analysis of the results shown in Figs. 8 and 9 indicates drum are: inner radius r in = 850 mm and wall thickness s = 90 mm. The following properties of steel were adopted for the calculation: l = 47.3 W/(mK); c = 511 J/(kgK); r = 7775 kg/m 3 ; E = 2.07 ·10 11 N/m 2 ; b = 1.13·10 −5 1/K, and n = 0.3. Allowable stress is: s a = − 68 MPa. To calculate the influence function u N (t) for various Biot numbers the first twelve roots of (24) were determined (Table 3 ). Time changes of the influence function for various Biot numbers obtained using the analytical solution (26) and the Finite Element Method (FEM) are compared in Fig. 7 . The heat transfer coefficient on the inner surface of the drum was assumed to be: a = 1000 W/(m 2 K). First, optimum fluid temperature were estimated by solving overdetermined system of nonlinear algebraic equations (33). At every time step, the is better ( Fig. 10 ) in comparison with two parameter curve given by the function (30). The discrepancy between the calculated and allowable stress is larger at the beginning of the heating process (Fig. 11 ). The form of the optimum temperature change given by (30) is to simple to make calculated circumferential stress equal to the allowable value. However, the fluid time temperature changes resulting that optimum temperature changes determined by the both described methods differ slightly. During optimum heating the circumferential thermal stresses at the inner surface are equal approximately the allowable value ( Figs. 10 and  11 ). If the optimum temperature is approximated by the function (29) containing two unknown parameters then the agreement between the calculated and the allowable stress Fig. 12 illustrates the influence of the inner pressure on optimum fluid temperature changes. With increasing pressure the initial stepwise temperature increase, as well as, the heating rate v T goes up.
Conclusions
Two methods for determining optimum fluid temperature changes during heating of the hollow cylinder were presented. During optimum heating of the cylinder the circumferential thermal stress at the inner surface of the cylinder is equal to the allowable value. Optimum fluid temperature was approximated by simple functions. Unknown parameters appearing in these functions were estimated using the Levenberg-Marquardt method. The circumferential thermal stress was evaluated using the Duhamel integral or the Finite Element Method. Both methods give almost identical results. Since the influence function is calculated from an exact analytical solution, the first method based on the Duhamel integral method can be used to assess the accuracy of numerical solutions, for example solutions obtained by the FEM. When the FEM is used to compute thermal stresses then time optimum fluid temperature changes may be determined for temperature dependent physical material properties and complex form of the construction element can easily be accounted for.
